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We consider the 2D compressible Euler equations :

9t(p) + Ox(pu) + 9y (pv) = 0,
d:(pu) + Ox(pu® + p) + dy(puv) =0,
d:(pv) + Ox(puv) + 8y (pv® + p) =0,
9¢(pE) + Ox((pE + p)u) + 9y ((pE + p)v) =0,
9i(pp) + Ox(pup) + 0, (pve) = 0,
where p is the density, (u, v) the velocity vector, E the total energy
and ¢ the gas mass fraction.

= We obtain a single system for the two fluids.
We have 5 equations for 6 unknowns.
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Equation of states

In order to close the system, we assume that p satisfies a stiffened
gas pressure law :

p(ps e, ) = (v(¢) — 1)pe — v(p)m(p),
where e = E — (u? 4 v?)/2.

The speed of sound c is defined by ¢ = 5+ %a—p then
p+m
c=/v .
P

For standard pressure and temperature,
e in the gas (p = 1.225), we have ¢ =1, vg,, = 1.4,
Cgaz ~ 340m/s, then mg,, ~ 0 (perfect gas law).
e in the liquid (p = 1000), we have ¢ = 0, yj; = 4.4,
Clig ~ 1500m/s, then 7/, ~ 5 x 108.
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Equation of states

o We have
Ot + udxp + vOyp =0

= theoricaly, if ¢ takes the values 0 or 1 at initial time, it is
true at any time (there is not mixture).

@ Numerically, we have diffusion. In the numerical mixture we
take [SA1999]

1 1 +(1 ) 1
=@ - )
7(90) 1 VYgaz — 1 Viig — 1
7(90)7-(( ) _ YgazTgaz + (1 . SO) ViigTliq '
7(90) ’Ygaz -1 Vliq -1
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Conservative form

We can write the system under the conservative form :
OtW + O F(W)+0,G(W) =0,
where the vector of conservative variables is :
W = (p, pu, pv, pE, pp) 7,

and the conservative fluxes are :

F(W) = (pu, pu? + p, puv, (pE + p)u, ppu) T,
G(W) = (pv, puv, pv? + p, (pE + p)v, ppv) .
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Physical properties :

@ the density p is non negative,

@ the internal energie e is non negative,

@ the gas mass fraction ¢ is in [0; 1].
Mathematical properties :

@ Under the physical properties, the system is hyperbolic in each
direction. For each n = (ny, o) ", the matrix
mDw F(W) + npDy, G(W) is diagonalizable and admits the
eigenvalues :

A1 = (v, v)T.n—c, M=X3=X\=u, X =/(u, v)T.n+c.

@ We can show that the Riemann problem admits a unique
global entropy solution.

@ The pressure and the velocity are continuous at the two-fluid
interface.
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We want build a numerical scheme that :
@ preserves the non negativity of p and e,
@ converges (numerically) to the entropy solution,

@ introduces no fluctuations on u and p at the two-fluid
interface,

o handles vacuum,

@ allows an efficient parallelism.
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Lagrangian step
Numerical scheme Remapping step

Properties

A 1D test

Splitting

In order to solve the 2D equations :
0W + 0 F(W) +0,G(W) =0,

we consider a dimensional splitting.
Thus, we only have to explain how to solve the 1D system

W + 0y F(W) =0,
where

W = (p, pu, pv, pE, p) "
F(W) = (pu, pu® + p, puv, (pE + p)u, ppu) .
As we know exact solutions in 1D, we can validate our scheme.
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A 1D test

Problem of the classical conservative numerical scheme

We observe oscillations on the pressure at the interface of the two

fluids.

If we consider the following we obtain :
Riemann problem :

[ Quantities [ x <0 [ x>0 ] o500 o
p(kg.m_3) 10 1 o
u(m.s~ 1) 50 50
p(Pa) 1e5 1e5
o 1 0 :
B 1.4 1.1 s i
T 0 0 101000
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A 1D test

Structure of the random numerical scheme

The scheme includes two steps :
@ the Lagrangian step for solving the system
0:W + 0xF(W) = 0, between time t" and t"t1'~ on a moving
mesh,
@ the remapping step for returning to the initial Eulerian mesh at

time t"+1.
wRwe o wey
Remapping Step:
. X . = gt
n+tl,— n+i,— ntl,—
} Vli—l } sz ]| W=1+1 | N
At “:“ ﬂLagrange Step:
i ‘\ " Im,+l‘—
\ n B n n |
| il | V_Vz' L Wiy N
| | | | &
Ti-3 Ty Titv} Titd
E Az
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Some notations

@ We propose a first order finite volume scheme with a
Lagrangian approach, the boundary X, 1 moves at the velocity

2
of the fluid ulf’+1 between t” and t"t1— :
2
n+1,— _ _n n
XH_% —XH_% + At uH_%.
>
Atf
o Wiy Wi Wi
[ | [ | x
IZ;% xi—% JL'H_% lH»%
E Ax :
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Finite volume scheme

n+l n+1 VVnJrl

7, 1 1+41| N

71+1 -

At Q

Lagrange Step:
tn tn+1.7

The integration of 0;W + 0,F (W) = 0 on the space-time
quadrilateral Q gives :

AxTTE WL AXWI AL (F(WP, WhL) — F(WE L, W) =0

1 1

where F(W,, Wg) is the Lagrangian flux and At satisfies the CFL
condition.
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Lagrangian flux

We recall that the Lagrangian flux is :
. T
F(Vvina ir—'l-l) - = (Oap,{,_i_%aoa U,P_i_%P,-n_i_%ao) .

In order to compute the quantities i + 1/2, we use a relaxation
Riemann solver based on the work of Bouchut :

n n n n n n
o A1 T a1 RY1 TP~ Pita
. 1 — 3
j+1 n n
2 3120 T at10R
n n n n n n n n
n 3i41/2,RPI T 81410 1 Piv1 T a;+1/2,Laf+1/2,R(“i — Uiy1)
pi+% = ’

n n
3120 T iR
n n M .
Whe.r<.e .al.+1/27,_ an.d ali1op are chosen such that our solver satisfies
positivity properties.
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Remapping step

@ The Lagrangian step is done : we have W,."H’_.
@ Problem : how to do the projection to go back to the original

grid?
n+1 __ n+l _ 1
T S s s
- . . >
m+l,— n+ n+1,—
| Vii",l | Li/i VZV:H | N
I 1 |
At
n n n
o Wiy Wy Wy
| | - - | (]
x; T z Tiga
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Remapping Step:
tn+l.f _}tnﬂ

Lagrange Step:
N tn«\»lAf
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Solution : a mixed projection

We apply random sampling at the two-fluid interface

o If (¢ 1 — 3)(¢f — 3) <0or (¢ —3)(¢fy — 3) <O,
wp is a random number € [0, 1], and we take :

1,— - 1.—
W,"jl s if X ;+wnAx<x"+’ )
2 2
V|/I.”+1: W-"H’*, /fx ll’ <X 1—f—w,,Ax<x_~_l -,
2 2
n+1,— n+1,—
Wi ,Iin% Ax>x_i_2 ,

@ else, we use the natural cell averaging projection

At

Wn+1 W"+1 — =t
~ Ax

n+1,— n+1,—
(max(u;_1, 0) (W™ — W)

+ min(u, 1, /(WL — W),
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Choice for w,

A good choice for the random number w,, is the (ki, k) Van Der
Coput sequence. A implementation in C is given by :
float corput (int n, int kg, int k2){
float corput =0;
float s =1;
while(n > 0){
s/ = k1,
corput+ = (k2 x n%k1)%k1 x s;
n/ = k1;
}

return corput ;
}
where ki and ko are two prime numbers satisfying k; > ko, > 0.

Practically, we use the (5,3) Van der Corput sequence. With 200
values, its arithmetic mean is 0.49598 and its standard deviation is
0.28907.
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A 1D test

Results obtained with the mixed projection

There is no oscillations on pressure where classical conservative
scheme failed.

Classical conservative scheme : The random scheme gives

105000 [ o+
105000 T T T T T T T T — I

104000 -
104000

103000
103000

Pressure

102000

Pressure
-+

102000

101000
101000

100000

100000
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Properties of the random scheme

The random scheme has the following properties :
@ it preserves the non negativity of p and e,
@ it does not diffuse the gas mass fraction ¢,

@ if at initial time the x-velocity u and the pressure p are
constant, this property is preserved at any time.

@ it handles vaccum.

Remark : the random scheme is not conservative, even for the total
mass.
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Numerical scheme

Lagrangian step
Remapping step
Properties
A 1D test

We test the random scheme on a water-air shock tube with

discontinuous normal velocity.

Initial condition :

We consider

[ QuantitiEs [ x<0.2 [ x>0.2 |

p(kg.m=3) [ 1000 50
u(m.s~T) 0 0
v(ms-T) | 1000 | —5000

p(Pa) 1e9 leb
© 0 1
y 14 14

m(Pa) 6.8e8 0
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We plot the numerical and the
exact solution at time
t =240pm :




Lagrangian step
Numerical scheme Remapping step

Properties

A 1D test

A 1D test : comparison with other schemes

We compare the random scheme with other schemes :

@ the "ghost fluid for the poor" algorithm of Abgrall [AK2001]
(referenced by GF),

o the algorithm of Saurel-Abgrall [SA1999](referenced by SA),

@ another scheme (BHRJ) that includes two steps :

e a lagrangian step : as the random scheme,
@ a projection step : we use a conservative projection on for p,
pu, pv and pE and for ¢, we take :

_ At _ _
Pt =t - Ax (max(u;_1,0)(@f ™™ — ] 17)
X
. n+1,— n+1l,—
+ m'“(“i+%ao)(90i:1 - ‘Pi+ )

These three schemes preserves the total mass.
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A 1D test : comparison with other schemes

If we want that the three schemes GF, SA and BHRJ preserve
constant (u, p) states, they do not preserve the total energy.
Assume that Vi, (u p),” = (u, p), a sufficient condition to have

(u,p)] ™ = (u,p) is

(0e)7* = (o)} — R (((pe + P)udisaje — ((pe + P)u)i-y2).

At

)n+1 "= (ﬂV2)7 - E(((PVZ)U)iJrl/z - ((Pvz)u)ifl/Z)y

(pv
then we perform :

(PENH = (pE)THE = (pv2/2)] ™ + (o2 )7+,
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A 1D test : comparison with other schemes

We plot the total mass of gas and the total mass during time
t = 240pm with approximatively 1000 cells.

Total mass of gas :

[+ RS——BHRI — —SA GF
/’////
g
LT
/'//
_ =
18 =7
_z
- =7
2 e
Z pd
g Va
517 e
] y
2 //
s
16 //
/
!
- °
.
0000005 000010 000015 0.00020
Time (5)

Total mass :

71464,

714.54

714.4-

=
=
!

Mass total (kg)

=

=

s
!

714.14

7144

[ RS——BHRI— — SA

0,00005

.
000010 0.00015
Time (5)

0,00020

= Error less than 0.1 per cent.




Numerical scheme

Lagrangian step
Remapping step
Properties
A 1D test

A 1D test : comparison with other schemes

We plot the total energy until
time t = 240um :

[ RS——BHRI — —SA GF
i . . .
o
1355 x 109\
\.
\
135 x 109 \
AN
— \\
= 1.345 x 10°4 AN
£ AN
2 134 %10 =~
i AN
ANS
1.335 x 10°4 Y
NS
AN
9. NN
133 x 109 NS
N~
N~
1325 x 10°1 . , , N
0.00005 0.00010  0.00015  0.00020
Time (s)
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To see if the total energy
converge to the exact solution,
we plot the relative error on
the L1-norm on energy :

[+ RS——BHRI—-— SA GF|
0.044\
AN
AN
N\
BN
0.03 N\
N N
5 )
5
5 N
H AR
S \_\
£0.02 N
5 N
° AN
Z N
2 \\\,\
0.019 S~
-
o
T T T s T + T T ?
24 26 28 30 32 34 36 38 40 42
-LOG(h)
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Second order

@ We pass to the second order in the lagrangian step with a
MUSCL reconstruction on the variable (p, u, v, p, ). We
couple this reconstruction with a Heun scheme.

The second order scheme has We plot the convergence curve
the same properties : at first and second order, we

o it preserves the see the improvement :

non-negativity of p and e,

3 EX) 4
-LOG(h)

o it handles vacuum, N

@ it does not diffuse the gas AN
mass fraction ¢,

LOGerror)
7/

-2 N

N
[——RS First_order tho —— RS _Second Order_rho |
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Implementation on GPU

Implementation on GPU : speedup

The computation corresponds to 300 iterations on a grid
1024 x 512.

| time (s) |
AMD A8 3850 (1 coeur) 527
AMD A8 3850 (4 coeurs) 205

NVIDIA GeForce 320M 56
AMD Radeon HD5850 3
AMD Radeon HD7970 2
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Implementation on GPU

Implementation on GPU :

Implementation on GPU : The computation corresponds to 300

iterations on a grid 1024 x 512

[ [ Computation time (s) | Speedup |

AMD A8 3850 (1 coeur) 527 1
AMD A8 3850 (4 coeurs) 205 2.6
NVIDIA GeForce 320M 56 9.4
AMD Radeon HD5850 3 175
AMD Radeon HD7970 2 260

Implementation on MPI : Computation on a cluster of 4 cards

AMD Radeon HD7970

[ Grille [ TGPU [ 4 GPUs [ Speedup ]
2048 x 2048 14 s 14 s 1
4096 x 2048 22's 16 s 1.4
4096 x 4096 77 s 60 s 1.3
8192 x 4096 150 s7 61l s 25
16384 x 4096 | 600 s? 230 s 2.6
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Applications Shock bubble interaction (water/gas)

Advection of a bubble of gas in uniform liquid flow

We test the random sampling coupling with the dimensional
splitting on a pure advection flow.

o Initial datas : @ Initial time :

e At 6.710 3s :
[ Quantities [ Bubble [ Out. |
o(kg.m—3) 1.225 1000
u(m.s—T) 100 100
v(m.s— 1) —75 —75
p(Pa) 1.01e5 1.01e5
%} 1 0
~ 1.4 3
I3 0 7.5e8

Jonathan Jung
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Advection of a bubble of gas in liquid flow
Test of Zalesak
Shock bubble interaction (water/gas)

Applications

Test of Zalesak [Z21979]

We consider a solid body rotation. We choose

u=-Qy —y), v=Qx-x),
where Q = 627”8 is the angular velocity and (xo, yo) is the axis of
rotation.

o Initial time :
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Advection of a bubble of gas in liquid flow
Test of Zalesak
Shock bubble interaction (water/gas)

Applications

Test of Zalesak [Z21979]

Results with RS algorithm : Results with BHRJ algorithm :
° % revolution : ° % revolution :

@ 5 revolutions : @ 5 revolutions :
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Applications Shock bubble interaction (water/gas)

Shock bubble interaction (water/gas)

We consider the The initial data are :
shock-bubble interaction (GamE Vi V2 [ V5]
uanti S
test of [KL2010] o(kg.m—3) | 1030.0 | 1000 1
u(m.s~T) 300 0 0
Lirqel-j;?\ock v(m'sil) 0 0 0
? p(Pa) 3.0e0 | 1.0e5 | 1.0e5
L 2 ¢ 0 0 1
Gas ~ 4.4 44 1.4
Y3 T 6.8e8 6.8e8 0
1 Final time=600pus.
: Grid : 3000 x 1500.

Time of computation on GPU
(Tahiti) : 360s ~ 6min.
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Applications Shock bubble interaction (water/gas)

Results with RS : Results with BHRJ : Results with SA :
@ pat 375us : @ pat375us: @ pat375us :

Jl 2

@  at 375us : @  at 375us : @  at 375us :
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Shock bubble interaction (water/gas)

Applications

Results with RS : Results with BHRJ : Results with SA :
@ p at 450us : @ pat 450us : @ pat 450us :

-
- I

@ ¢ at 450us : @ © at 450us : @  at 450us :

BN E
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Shock bubble interaction (water/gas)

Applications

Results with RS : Results with BHRJ : Results with SA :
@ p at 600us : @ pat 600us : @ crash
48
'g.
@  at 600us : @  at 600us :
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Advection of a bubble of gas in liquid flow
Test of Zalesak

Applications Shock bubble interaction (water/gas)

Conclusion

o We developed an efficient algorithm to treat complex
compressible flows.
@ The RS has the following properties :
e it preserves the non-negativity of p and e,
e it preserves the hyperbolicity, p + 7 > 0,
e it does not diffuse the gas mass fraction .
@ The code is very efficient on GPU, we need few minutes to
compute a complex flow on a mesh with millions of cells.

@ Futur works :
o Test the MPI version of the code on more GPUs.
o Consider axysymetrical geometry (bubble of cavitation).

Jonathan Jung Computing two fluids flow on GPU



Advection of a bubble of gas in liquid flow
Test of Zalesak

Applications Shock bubble interaction (water/gas)

Thank you for your attention !
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Advection of a bubble of gas in liquid flow
Test of Zalesak
Shock bubble interaction (water/gas)

Applications

Solveur de relaxation

Le solveur de relaxation consiste a résoudre le probléme de
Riemann : . .
OtW + 0xF(W) =0,

pB
W = (pv pu, pv, pE, pp, ?7[)37 pS)T’

F(W) = (pu, pu® + B, puv, (pE + B)u, ppu, % + u, pau, psu) " .
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