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Introduction Linear wave equation with porosity

Numerical problem
Numerical scheme

Study case : Properties of the flow :

@ Nuclear core reactor. o Flow with variable
cross-section (porosity).

Enceinte de confinement

@ Liquid-gaz flow.
@ Compressible flow.

@ Low Mach number

controle

lu| < ¢
(:)M::M<<l.
c

Aim :

@ Develop a "compressible" numerical scheme that is accurate at
low Mach number.
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Introduction Linea ve equation with porosity
Nume problem
Numerical scheme

Barotropic Euler equations

@ Barotropic Euler equations with porosity
d(ap) +V - (apu) =0,
O(apu) + V- (apu®@u) + aVp =0,

where « € [@min, 1] is the porosity, where i, > 0.

Y
il

=~ 8

1 o
T’a_ ao’

IS

@ Dimensionless : we introduce 7 = ¥, §y =

p= L iy =, iy = e h= L avec ug = L we obtain
95(ap) + V - (apu) = 0, "
. 0
o - & with M = —.
Or(apa) + V- (apa @ a) + WVP =0, o
ai = ' (px)
@ Change of variable p := p, (1 + Mf) , with *
se oLy p=r )W Ui < 1.

O (&) + V- (&) + &V - (at) = 0,

o) + (a- V)aw) + 5 7 Se vy —o.
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Introduction Linear wave equation with porosity
Numericz roblem
Nume

Barotropic Euler equations

@ Linearization around (7 = 0,0 = 0) : linear wave equation
with porosity

Oy(ar) + 5V - (au) = 0,
O¢(au) + FraVr = 0.

@ Kernel of the spatial operator : incompressible space

o = {q = (r,u)” € L2 (T)* |Vr =0 and V - (qu) = 0}.

Aim :

@ Study the behavior of the numerical scheme with the
incompressibles states ¢ € &,.

Jonathan Jung Godunov scheme at low Mach number



Introduction

Numerical problem

Numerical problem : an initial incompressible condition ¢g € &,
o Initial condition : o Att=0.01(=M) :

Normay
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Aims :
@ Found the origin of the problem on a cartesian mesh.

@ Understand the triangular case.




Introduction

Numerical scheme

(ar)i+ sirma7 > 5] (eu- n)ij =0,
Fi]‘CBQi

a7 2 [Pijlrimi; =0,
I, CO0;

where (rij, (oau - n)ij) is the solution of the 1D Riemann problem! in

the direction n;; on £/t =0

@ijOre + 37 0¢ ((au)g) = 0,

9 ((au)e) + §raijOere =0,
(14, (@u); - ny5) si £ <0,

(7’5, (au)g) (t=0,8)= { (rj, (au); 'nij) sinon.

1. S. Dellacherie, P. Omnes, On the Godunov scheme applied to the va-
riable cross-section linear equation. FVCAG, (4) :313-321, 2011.
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Introduction Linear equation with porosity
Numer roblem
Numer

Numerical scheme

@ The solution of the Riemann problem on £/t = 0 is given by

i = " g (e (o)) m,
((aw) - n),; = ((ow): + (o)) - my + 8 — ).

& 2 2

@ Godunov scheme on a triangular or cartesian mesh (€;)1<i<n
[DO11]

a, 1

d
;E(arﬁ-%§E]E§JFM%%QJFU|“(QU%'+(auh)'nm‘+aw(ﬁ'—rﬂ]::Q

i(au)i +

a, o K
p i mﬂh+ﬁ+a

2M |Ql| F'ij co;

with k = 1.
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quation on
Godunov scheme and meshes i > study o
> study o

Found the origin of the problem on a cartesian mesh

Modified equation on a cartesian mesh :

@ The Godunov scheme on a cartesian mesh €2; ; for ar gives us

By(ar)is + &(Oéuw)i+1,j - (O‘uw)z;Lj n &(auy)murl - (O‘uy)i,jfl

t W T AL U Ay
(e

T OMAz (ai+%«,j (rid1y —1ij) — 1 (rij — 7‘i717j))

ax
+ 53iay (O‘i,j-'r% (rij+r —7rig) — oy 1 (rig — Tiu‘—l)) :

@ Then, the first order modified equation for ar is

a, Az
2M

Oz (@dyr) +

Oy(ar) + C‘T\;v (om) =

Jonathan Jung Godunov scheme at low Mach number



Modified equation on a calteslan mesh
Godunov scheme and meshes Discrete study o
Discrete study o

Modified equation on a cartesian mesh

@ We use the same method for au and we obtain the modified

system
Ay CL*A$ G*Ay _
8t(ar) + MV : (Cﬂl) - oYY am(aawr) - oM a (aayr) =0
. 1
o Am(’?x (r“)x(aum))
O(ou) + & 0V — 20 @ =0
t M a*Ay 1

M oy aay(auy)>
with kK = 1. We write it as

LH « .
¢ (aq) + W(q) =0 with L,o=Lo— MB,,.

@ What is the relation between Ker £,; , and &, ?

Jonathan Jung Godunov scheme at low Mach number



quation on sian mesh
Godunov scheme and meshes is udy on a cz mesh
study of the gular case

Kernel of the modified equation

Proposition

Q@ Ifk >0, we have

K@T’ £n>0,a = {q = <T7 ’LL)T|VT =0 and aﬂv(auﬂi) = 8y(0‘uy) = O}
C &,

Q Ifk =0, we have Ker L;,—¢,o = Eq.

Conclusion of the study of the continuous case :

@ Substitute kK = 1 by x = 0 seams to allow to the Godunov
scheme to preserve the incompressible states ¢° € £, on cartesian
meshes.

To do :

@ Test this correction (k = 0) at the discret level.

athan Jung Godunov scheme at low Mach number



Modified equation on a cartesian mesh
Godunov scheme and me S Discrete study

on a cartesian mesh
Discrete study of the triangular casc

Test of the low Mach correction kK = 0

o Initial condition ¢° € &, : o Att=0.01(=M) :

NormAU NormAU
Eomse—m ELODAewO
£0.8 E
3 =075
“06 E
= 05
04
E 025
EO 2

W

4.019e-04 0.000e+00

Aims :
@ Study the problem at the discrete level.

@ Study the case of a triangular mesh.

athan Jung
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Modified equation on a ‘tesian mesh
duno heme and meshes Discrete study on a c. mesh
Discrete study of the tr gular case

Discrete study

@ We define the spaces £2 and £ associated to the incompressible
space &, on a triangular and a cartesian mesh.

@ Recall the Godunov scheme on a triangular or cartesian mesh
(Qi)1<i<n [DO11]

d a, 1
%(O"")" + ﬁmr”%giwm {((O‘u)i + (o)) - ng; + aij(r — Tj):| =0,
i(au)A ST ‘p,,|[r, ot L((au) — (au);) n.,]n“ -0
dt C2M |, Cha, LT ay ‘ J R
with k = 1.
o We write it as
d L, 0
%(aqh) + M (qh) — Y
where g5, = (Tiaui)T-

Godunov scheme at low Mach number



Godunov scheme and meshes Discrete study on a cartesian mesh

Gudunov scheme (k =1) on a cartesian mesh :
@ Initial condition ¢° € £ : o At t=0.01(=M) :

[P
[ LT

NormA!

U
E‘).Q] 3e-01
0.8

NormAU
9.913e-01

0.8

-

06

04

0.2

—_—

4.019e-04




Modified equation on a cartesian mesh
Godunov scheme and meshes Discrete study on a cartesian mesh

Discrete study of the triangular casc
Low Mach scheme (k = 0) on a cartesian mesh :

@ Initial condition ¢° € £ : o At t=0.01(=M) :

NormAU NormAU
Ev 913e-01 1.004e+00
=038
E 4075
=06
= 0.5
—04

ED‘Z
4.019e-04

e IRRL

0.000e+00

Mach numt



wrtesian mesh
Godunov scheme and meshes L rete stuc cartesian me

Discrete study of flle triané;ular case
Godunov scheme (k = 1) on a triangular mesh :

e Initial condition ¢° € €5 : e Att=0.01(=M) :

N Sote100 Mo ode100
E 075 075
\/ E 3
& B ¥
™ gh 05 VA ih 05
N\ E AVAYAVaY;;
025 025

uau I

; J%YV AV‘ 0.000e+00
Lo oK
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>quation on ian mesh
Godunov scheme and meshes ly on a ca mesh
s e study of the t gular case

Conclusion on the discrete study of the kernel of the
Godunov scheme

Conclusion :

@ The Godunov scheme (k = 1) does not preserve some
incompressible states £ on a cartesian mesh.

@ The low Mach scheme (x = 0) preserves the incompressible
states Y on a cartesian mesh.

@ The Godunov scheme (k = 1) preserves the incompressible states
E2 on a triangular mesh.

BUT :

@ We wish a correction that allows to obtain the Godunov scheme
when the Mach number tends to 1.

@ What happens if the initial condition ¢" ¢ &, ?

@ The study of the kernel &, is not sufficient.

Jonathan Jung Godunov scheme at low Mach number



Accurate schemes at low Mach number

Hodge decomposition and projection on &,

How can we split a state ¢ ¢ &, 7

Theorem

Assume that & € [Omin, Omax] With Qmin > 0. We build a Hodge
decomposition on the weighted spaces

E,®EL =12 (T)?,

where the acoustic space £ is given by

Ex = {qz(r,u)TeLi(T)s‘/rozdm:O andHQSEHi(T),u:VqZ)}
T

Definition

The Hodge decomposition allows to define an orthogonale
projection

P, : L2 (T)® — &,
q+— Puq.

Jonathan Jung Godunov scheme at low Mach number



Accurate schemes at low Mach number

Structure of the solution of the linear wave equation

Linear wave equation with porosity

Oi(ar) + 5V - (au) = 0,
di(am) + FraVr = 0.

Proposition

If q is a solution of the linear wave equation with porosity with an
initial condition ¢°, we have

Vi €&,y qt>0)=¢" €&, et V€L, qt>0) &l

Corollary

| \

The solution q of the linear wave equation with porosity with an initial
condition ¢° can be written as

q=Pug" + (¢ —Pagd’) € Ea + &

Jonathan Jung Godunov scheme at low Mach number



Linear wave equation with porosity

Oi(ar) + 5V - (au) = 0,
O¢(au) 4+ §HaVr = 0.

Proposition

The energy of the solution q of the linear wave equation with porosity
satisfies

d
@”qnig =0.

Corollary

| \

The solution q of the linear wave equation with porosity and with an
initial condition ¢° satisfies

VC > 0, [|¢° — Pag®llzz < CM = ¥t >0, [l¢ — Pag®|l 12 (t) < CM.

Jonathan Jung Godunov scheme at low Mach number



Definition

Accurate schemes at low Mach number

Accurate schemes at low Mach number

@ We transcribe this property at the discrete level for short time.

@ We build Hodge decompositions on triangular and cartesian
meshes.

@ We obtain discrete orthogonal projections P? on 5 and £2.

Definition
A scheme is accurate at low Mach number if the solution qp
given by the scheme satisfies

VC1,Cy > 0, 3C5(C1,C2) > 0, [lg) — Phgdlliz = C1M
=Vt € [0; CoM], |lgn — Plap iz (t) < C5M,

where C3 does not depend on M.

Jonathan Jung Godunov scheme at low Mach number



Definition
Results

Accurate schemes at low Mach number Conclusion and some tests in the non linear case with o

Initial condition :
@ a, =1.
o M =10"%
° ¢) =q), + Mg, with

7"2,1(177 y) = 17

0 h
=qp1 € &
(aul)g - vh X whv ¢

and
T?L,Q(x7 y) =0,
up, =Vidn, =qp,€ (5[:)L
Hq?zg”li =1,

then

lah = Paaplliz = [ May 2]z = M = O(M).

o We plot ||gn — Paqgﬂzg (t) as a fonction of the time.

Jung Godunov scheme at low Mach number



Definition
Result

Accurate schemes at low Mach number Conclusion and some tests in the non linear cas

Cartesian mesh with Az = Ay =0.02 and M = 0.0001 < Ax :

12 T T T

06 - ,

|lan — P

04t f

Theorem (k =1 on [J)

VC1 > 0, 3C2(C1) > 0, 3C3(C1) > 0, |lgf) — PLBgh|lie = C1 M
=Vt > CoM, |lgn — P gphl|i2 () > Cs min(Az, Ay),

for all M < g—? min(Az, Ay).
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Accurate schemes at low M

Definition
Results

Tach number

Conclusion and some tests in the non linear case with o

Cartesian mesh with Az = Ay =0.02 and M = 0.0001 < Ax :

0.0008 , . . .

k=Monl --e- pe

_ k=0on0 & »
0.0007 - K=1lon A A ,‘91 1
p
0.0006 | s 1
-
»
0.0005 ":’ -
o
0.0004 |- o —
o
0.0003 | - J
ey
v
0.0002 | o i
-*

0.0001 dh.n. 4

E»EEEB BB Eggn.

0 A A AR AR RERARA A AR
0 2 4 6 8 10
t/M

VCi,Cy > 0, 3C5(Cy, Cz) > 0, |lgi — P gplliz = C1M
=Vt € [0;CoM], llgn — Phqflliz (t) < C5M,

where C3 does not depend on M.

Godunov scheme at low Mach number
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Definition
Results

Accurate schemes at low Mach number Conclusion and some tests in the non linear case with o

Cartesian mesh with Az = Ay =0.02 and M = 0.0001 <« Az :

0.0001 g——————— . :

i —0onl) g
9¢-05 |1 8 k=lonA A
8e-05 [ B
7e05 LA @ B

605 | o g

5e-05 - [eg -
seos | A a 1
3e-05 |- A, =y ]
20-05 |- B

le-05

0 L L L L L L L L L

Theorem (k =1 on A et kK =0 sur )

VC1,Cy > 0, 3C5(Cy,Ca) > 0, |igh — Phaplliz = C1M
=Vt >0, lgn — Phaplliz (t) < C3M,

where C3 does not depend on M.
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Definition
Results

Accurate schemes at low Mach number Conclusion and some tests in the non linear case with o

Cartesian mesh on Az = Ay =0.0033 and M = 0.01 > Az :

0.18 T T T T T T T T

0.08 . ]

0.06 + ] 4
0.04 + - q

0.02 ™ 1
k=1on0O ]

0 L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Theorem (k =1 on OJ)

Ax < CoM, et Ay < CyM,
a2~ Bhg2],, = Cua

=Vt € [0;C2M], ||an — Pﬁqﬁ”li (t) < C3M,

VCy, Cy,Ca > 0,3C3(Co, C1,C3) > 0,

where C3 does not depend on M, Ax and Ay.
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Accurate schemes at low Mach number

Conclusion of the linear case

Triangular mesh :
@ The Godunov scheme (k = 1) is accurate at low Mach.
Cartesian mesh :

@ The Godunov scheme (k = 1)
o is not accurate at low Mach number if M < min(Az, Ay).
o is accurate at low Mach number if M > min(Az, Ay).

@ Two corrections for low Mach flows :

FCo (Wi W) — Fcod(Wi,W,)_m < ! >
j J 2M v [((au)i — (au)j) -nij} n;;

o k=0 (low Mach correction) : accurate at low Mach,
o x=min(M,1) (all Mach correction) : accurate at low
Mach and allows to obtain the Godunov scheme for M > 1.

Next step :

@ Test the different schemes in the non-linear case.

Jonathan Jung Godunov scheme at low Mach number



Defini
Results

Accurate schemes at low Mach number Conclusion and some tests in the non linear case with «

Correction at low Mach number in the non-linear case
with a =1

Barotropic Euler equations :

p+V - (pu) =0,
O(pu) + V- (pu®u)+ Vp = 0.

Nous notons W = (p, pu)?. The numerical scheme can be written as

d 1
— Wit == > [T F(W;, Wy, ny;) = 0.

di ]
F”' CcoQ;
The low Mach and the all Mach corrections consist to replace the
flux F(WZ, Wj, Ilij) with

FCOT(WZ', W]) — FROE(WZ‘,WJ‘) _ ( ‘%Z])pl]cl]
2 [(wi — ) - nij]ny;

where respectively x;; = 0 or £;; = min (1, |Z”|) .

ij

Jonathan Jung Godunov scheme at low Mach number
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Results
Accurate schemes at low Mach number Conclusion and some tests in the non linear case with «

4 shocks

@ The initial state is given by

0.1380,1.206,1.206), for z < 0.5, y < 0.5
0.5323,0.000.1.206), forz >0.5, y<0.5
0.5323,1.206,0.000), for z < 0.5, y > 0.5

(

A

(P, umauy)(‘rvy) - (
(1.5000,0.000,0.000), forz > 0.5, y>0.5

on the domain [0, 1] x [0, 1].
@ Neumann boundary conditions.
@ Final time of computation : tfinq = 0.4s.
@ Tools :

o Mesh : the software Salome,
o Code : Librairy C++ CDMATH
(http://www.cdmath.jimdo.com).

Jonathan Jung Godunov scheme at low Mach number
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Accurate schemes at low Mach number Conclusion and some t

s in the non linear case with «

4 shocks :
@ Reference solution (Roe (k;; = 1) on a 200 x 200 cartesian grid) :

Mach

NormVelocity 2.1420+00
1 2

7062+00
16

9.2068-03

@ Roe with x;; = 1 and x;; = min (1, ‘%JL‘) on a 100 x 100
cartesian grid :

NormVelocity

NormVelocity
E}vg%ewo 1.706e+00

16

S

2

o

08

0.000e+00
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Accurate schemes at low Mach number “onclusion and some tests in the non linear case with «

4 shocks :
@ Reference solution (Roe (k;; = 1) on a 200 x 200 cartesian grid) :

Mach
NomVelocily o
1.7066+00 21420400
El 6
E 16
12 E
E 12
08
E 0.8

1182002 9.2068-03

@ Roe with k;; = 0 on a cartesian and with x;; = 1 on a triangular
mesh :

The scheme crashes with
Rij = 0!

NormVelocity
17062400
6

[rriT—

°

EM
2.3610-03
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Results

Accurate schemes at low Mach number Conclusion and some tests in the non linear case with «

Vortex :
@ We use a perfect gaz law.
@ The initial state is given by
p=1 p=1000
et u=Vxvy avec Y(z,y)= %sinz(mc) sin?(my)
on the domain [0, 1] x [0, 1].
@ Wall boundary conditions.

@ Final time of computation : ¢, = 0.125s.

Jonathan Jung Godunov scheme at low Mach number



Conclusion and some te: in the non linear case with o

Vortex :

@ Initial condition and Roe (k;; = 1) on a 50 x 50 cartesian grid :

NormVelocity EEEE NN NN R s,
9.995¢-01 H .
HH 9.9952-01
803 — H E
E 08
*;U 6 H 3
3 | —06
04 H + 3
H H —04
Fo.2 =8 =8 E
H 02
3.311e-14
8.761e-05

@ Roe with x;; = 0 and k;; = min (1, |Zf"”f|) on a cartesian 50 x 50 :
ij

NormVelocity
9.995¢-01

NormVelocity

to 995201
08

=06

—04

toz
8761605 8761605

Jonathan Jung
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Accurate s 5 4 h nber Conclusion and some t in the non linear case with o

Vortex :

@ Initial condition and Roe with x;; = 1 on a triangular mesh :

y st
'4’5}4 NormVelocity TR, | “'%"v"e‘i i

: ;:a’, 9.997e-01 2 y '555&. Nc\m\/e\;}r{:?\(;\i .
e = SRR
e = st
= = = Ee
== ] = =2 ==
= - E = o =
= e e =5 £ o
o % = =1 B0 =
= I == = 2 =
= oY = = R SE
= %, == E = 5% =
5 = E” 2 = = 0z

" T

3311e-14 =

3311e-14
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Accurate schemes at low Mach numt

Conclusion and some tests in the non linear case with o

Steady flow around a cylinder

@ An advantage of CDMATH is that the code

can be run on very
complex geometry build with Salome.
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Accurate schemes at low Mach number Conclusion and some tests in the non linear case with o

Carbuncle phenomena : supersonic flow around a cylinder

@ An advantage of CDMATH is that the code can be run on very
complex geometry build with Salome.
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Accurate schemes at low Mach number Conclusion and some tests in the non linear case with «

Final conclusion and perspective

Conclusion :

@ We constat the accuracy at low Mach number of finite volume
schemes on triangular meshes in the linear and non-linear cases.

@ We constat the inaccuracy at low Mach number of the finite
volume schemes on cartesian meshes in the linear and non-linear
cases.

@ The study of the linear case allows to propose a correction that
gives an accurate scheme at low Mach number and gives the
Godunov scheme when M > 1 on cartesian meshes.

Perpectives :

@ Test the scheme with a non-constant fonction « in the non-linear
case.

o Study the stability of the corrected scheme in the non-linear case.
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Definition
Results

Conclusion and some t in the non linear case with o

Thank you for your attention!

NomVelocity

9.995e-01 NormVelocity
t 9.995e-01
0.8 t
“0.6 H E
E H H =06
=04 3
g g g =04
02 E
E £0.2
3311e-14 H

EB 761e-05
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Accurate schemes at low Mach number Conclusion and some tests in the non linear case with «

[3 S. Dellacherie, P. Omnes. On the Godunov scheme applied to the
variable cross-section linear equation. FVCAG, (4) :313-321, 2011.
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