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Introduction Euler equations and incompressible states
Godunov scheme

The low Mach numerical problem

Study case : Properties of the flow :
@ Nuclear core reactor. @ Low Mach flow :
— ; lu ~ 5mst
c ~ 500m.s i,
= o =M= Ju] ~1072 <« 1.
.o | - —

@ Compressible flow : shock
wave in some accidental
cases.

Aim :
@ Develop a "compressible" numerical scheme that is accurate at low
Mach number.
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Introduction Euler equations and incompressible states
Godunov scheme
The low Mach numerical problem

Barotropic Euler equations and incompressible states

@ Compressible barotropic Euler equations

Oep+V - (pu) =0,
9e(pu) + V- (pu@u) +Vp =0,

where p = p(p) and p’(p) > 0.
@ Conservative forme : ;W + V - (F(W)) = 0.

@ Hyperbolic system under the condition p’(p) > 0 (c = p’(p)).

@ Study the behavior of our scheme for incompressible states

E={WeR’p=cstand V-u=0}.
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Introduction Euler equations and incompressible states
Godunov scheme
The low Mach numerical problem

Godunov scheme (Finite volume scheme)

We integrate ;W + V - (F(W)) = 0 on each cell Q; :
Ai/‘de+/nV-GUWDdx:O
dt Q; Q;

d
:>EVV’+ Z /FUF(W)-n;ijT—O

F,-,- Co;

d
= =Wt Y INIF(Wy) - nj do =0
[ CoQ;
where Wj; is the solution of the 1D Riemann problem

O:W + 9:F(W) =0,

wie—o.g - | W fE<o
=0.8)= W, otherwise.

on &£/t = 0 where ¢ is the coordinate in the nj; direction.
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Introduction

The low Mach numerical problem

The low Mach numerical problem

Results obtained with the Godunov scheme for an initial incompressible
state WO € £ (p° = cst and V-u® = 0) :
Initial condition : At t = 0.0125(= M) :

Cartesian
mesh

Triangular
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Introduction Euler equations and incompressible states
Godunov scheme
The low Mach numerical problem

Outline

Aims :
@ Explain the different behavior on cartesian and triangular meshes.
@ Propose a correction on cartesian meshes.

Outline :
@ Linearize the system to simplify the study.

@ Understand the numerical problem at low Mach number on the
linearized system.

@ Propose a corrected scheme that is accurate at low Mach number
on cartesian meshes for the linearized system.

@ Extend the correction to the non-linear case and test it.
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Linear wave equation

O+ V - (5l) =0, to
R . o with M = —.
O:(j) + ¥ - (s ©6) + 113 VB =0, %
a = B'(5)
~ ~ MN . *
@ Change of variable §:= p, (1+ r) , with { My,

@ Linearization around (¥ = 0, = 0) : linear wave equation

Oer + 35V -u =0,
Ou+ 5Vr=0.
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh

rete study on a cartesian and triangular meshes

@ Linear wave equation
Oer + 55V -u =0,

8tu + am*Vr =0.
@ Kernel of the spatial operator : incompressible space

&= {q:(r,u)TELz(T)3 Vr =0 and V-u:O}.

@ Same behavior with the linear Godunov scheme on cartesian
meshes :

Initial condition (q° € &) : At t = 0.0001(= M) :

| |
I “'—H \} }\ 1T \} }\ V'—“

]
I
[
-
I
[
T
[
I
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Explanation of the wrong behavior on cartesian meshes

Godunov scheme on any mesh (Q;)1<i<pn :

d a, 1

— i+ — — F,--{u,-—ku- -nj + r,-—r-}:O,

& 2 ] g, I ) () .

d a 1 - . with K = 1.
b g, ) s =

Modified equation on a cartesian mesh :
@ The Godunov scheme on a cartesian mesh Q; ; for r gives us
a ()i — (ux)isgy  a (U}’)i,j+1 - (uy)i,jfl

M 2Ax M 2Ay
a

= (i
T 2MAx T

8tr,-,j +
Ay
—2rj+ri—1j)+ MDAy (fijyr—2rij+rij-1)-

@ Then, the first order modified equation for r is

a,Ax a,
2M 2
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Linear wave equation

Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Explanation of the wrong behavior on cartesian meshes

Modified equation on a cartesian mesh :

@ We use the same method for u and we obtain the modified system

a, aAx a Ay
3tr+MV'u: M 8Xr+ M 8yr
a a;AAﬂXaiuX

8tu+ f*Vr =
M a Ay
K M 6'yuy

with k = 1. We write it as

0:q + %(q) =0 with £.=1L,— MB,.

@ What is the relation between Ker £, and £7

10/40 Jonathan Jung Godunov scheme at low Mach number



Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Explanation of the wrong behavior on cartesian meshes

@ I/fxk >0, we have

Ker L.~0 = {q = (r, u)T|Vr =0 and Oxux = Oyuy, = 0}
C &,

Q Ifk=0, we have KerL,.—og = £.

Conclusion of the study of the continuous case :

@ Substitute Kk = 1 by k = 0 seams to allow to the Godunov scheme
to preserve the incompressible states q° € £ on cartesian meshes.

To do :

@ Test this correction (x = 0) at the discret level.
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Test of the low Mach correction kK = 0

@ Initial condition ¢° € £ : e At t =0.0001(= M) :

Next step :

@ Study the problem at the discrete level.

@ Study the case of a triangular mesh.
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Discrete study

@ We define the spaces £2 and EF associated to the incompressible
space £ on a triangular and a cartesian mesh.

@ Recall the Godunov scheme on a triangular or cartesian mesh

(Q)1<i<n

d a, 1

it e |ri'|[ui+u' Ny + ri_r':|:07
dt 2M|Q,-|r,.j§9,. il [(u+w) -ng o+ (= )

d a, 1

—Ui + [ [r;+r-+f{, u; —u; 'n;-}n;-zo
dt 2M|Q,-|r,.j§m,.| i (= w) g
with k = 1.

@ We write it as J ,
L
all i} =0
dtqh + M(Qh) )
where g5 = (riaui)T
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ave equation
Linear case and study of the kernel Vio ed equation on a cartesian mesh

Discrete study on a cartesian and triangular meshes

Gudunov scheme (k = 1) on a cartesian mesh :

@ Initial condition ¢° € £} : o At t =0.0001(= M) :

11

|
I O A

NN
NN

1]
[
e

Proposition (k =1 on O)

h,0 O
KerL,—; C &-.
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh

Discrete study on a cartesian and triangular meshes

Low Mach scheme (x = 0) on a cartesian mesh :

@ Initial condition ¢° € £ : o At t =0.0001(= M) :

Proposition (k =

Ker]LZ’EO =¢b.

15/40 Jonathan Jung Godunov scheme at low Mach number



Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh

Discrete study on a cartesian and triangular meshes

Godunov scheme (x = 1) on a triangular mesh :
@ Initial condition ¢° € £4 : e At t =0.0001(= M) :

(VAVAVAVAVAVAVAVAYAYAA 4Y
i

KICS
A >

E
RN

<
NP
KNS

]
=
==
|
=
=
<}
=
=

o
v
=

Proposition (k =1 on A)

KerLl4, = €5,

=1 =
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Linear wave equation
Linear case and study of the kernel Modified equation on a cartesian mesh
Discrete study on a cartesian and triangular meshes

Conclusion of the discrete study of the kernel of the
Godunov scheme

Conclusion :

@ The Godunov scheme (k = 1) does not preserve some
incompressible states £ on a cartesian mesh.

@ The low Mach scheme (x = 0) preserves the incompressible states
&Y on a cartesian mesh.

@ The Godunov scheme (k = 1) preserves the incompressible states
E% on a triangular mesh.

BUT :

@ We wish a correction that allows to obtain the Godunov scheme
when the Mach number tends to 1.

@ What happens if the initial condition ¢° ¢ £7

@ The study of the kernel £ is not sufficient.
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Hodge decomposition and projection on £

How can we split a state g ¢ £7

We use the Hodge decomposition

E®EL = 12(T),

where the acoustic space £+ is given by

gi:{qz(r,u)TeLz(T)3‘/rdx:Oand3¢eH1(1r),u:v¢}
T

<

The Hodge decomposition allows to define an orthogonale projection

P: L2(T) — €&
qg— Pq.

v
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Structure of the solution of the linear wave equation

Linear wave equation

Oer + 55V -u =0,
3tu+aﬁVr:0.

If q is a solution of the linear wave equation with an initial condition q°,
we have

Ve c €&, q(t>0)=q°c & and Vg®c &L, q(t>0)ec&t.

Corollary

| \

The solution q of the linear wave equation with an initial condition ¢°
can be written as

g=P¢° + (g —Pq°) e £+ &~

y
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Structure of the solution of the linear wave equation

Linear wave equation with porosity

Oer + 55V -u =0,
Owu+ 35Vr=0.

The energy of the solution q of the linear wave equation satisfies

d
= llali =o.

v

Corollary

The solution q of the linear wave equation and with an initial condition
q° satisfies

VC >0, ||¢° —Pq°|2 < CM =Vt >0, |lg — Pq°||12(t) < CM.

v
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Accurate schemes at low Mach number

@ We transcribe this property at the discrete level for short time.
@ We build Hodge decompositions on triangular and cartesian meshes.

@ We obtain discrete orthogonal projections P on X and £2.

Definition

A scheme is accurate at low Mach number if the solution g given by
the scheme satisfies

VG, G >0, 3C3(C1, C2) > 0, ||q2 —Phqgnlz = GM
=Vt € [0; GM], [lgn — Pqhl2(t) < GM,

where C3 depends on q°, T, C; and C» but does not depend on M.
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case

Initial condition :
@ a, =1.
e M=10"%
® gp = qp, +Mgp, with

rl?,l(X,y) = 17

(u1)} = Vi x ¥, = dna €
and
r,?’z(x,y) =0,
U, = Vidn, = ql, € (€M)
lahalle = 1.
then

gy — Paplle = [Mgf,llr = M = O(M).

@ We plot ||gn — Pq?||2(t) as a fonction of the time.
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Accurate schemes at low Mach number

Definition and results

Some linear stability results
Extension to the non-linear case

Cartesian mesh with Ax = Ay = 0.02 and M = 0.0001 < Ax
1.2 T

u
0.8 |

L]
0.6

| [
=

Theorem (k =1 on O)

04t ®

VG >0, 3G(G) >0, 3G(G) > 0, [|lgf —P"HaR)l. = G M

=Vt > GM, |lgn — PM"Egd| 2(t) > G min(Ax, Ay),
for all M < % min(Ax, Ay).
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case
Cartesian mesh with Ax = Ay = 0.02 and M = 0.0001 < Ax :

0.0008 ! .

K=Monll —e- .

k=0on0 =3 *
00007 1 —1on & —mae O
0.0006 | Poad ]
4
»
0.0005 | P 1
»
0.0004 | Pd 1
e
R4
0.0003 | & 1
g4
rd
0.0002 | Poad 1
9’.’
»

0.0001 & 1

-KE—EEV‘B‘D 25

o A A A AR BRI A g R AR AE
0 2 4 6 8 10

t/M

Theorem (k = M on 0O)

VG, G >0, 3G(Cr, G) > 0, [lg) —PMEgY) . = GM
=Vt € [0; &GM], ||gn — PMEgd|2(t) < GM,

where C3 does not depend on M.
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case
Cartesian mesh with Ax = Ay = 0.02 and M = 0.0001 < Ax :
0.0001 - - - - - - - - -
i k=0on0 @
9e-05 k=lon A -—a-- ]
LoE

8e-05 1

7e05 LA g ]

605 | b & ]

5e-05 4 & B
5 B

& j=N

= 4e-05 - x 8, B
= N =)
= 9 g

3e-05 Ba “E. g

= oy
20-05 - B B, 1
A j=R=t
B aag
1e-05 | SN B

0 L L L L L L L L L

Theorem (k=1 on A et K =0 sur O)

VG, G >0, 3G(Cr, G) > 0, |lg) —P"qd|l. = GiM
=Vt >0, [lgn — P"qpll=(t) < GM,

where C3 does not depend on M.
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case

Cartesian mesh on Ax = Ay =0.0033 and M = 0.01 > Ax :

0.18 T T

0.08 | -

llan = Bhapl2
n

0.06 |- e
0.04 + L

0.02 f .=

Theorem (k =1 on O)

Ax < M, et Ay < CoM,
Hq2 _Phng/z =GM

=Vt € [0; M), ||gn — P"q)|| . (1) < GM,

VC(), C]_, C2 > 07 E|C3(C(), C]_, C2) > O,

where C3 does not depend on M, Ax and Ay.

T — T — e —— e
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Conclusion of the linear case

Triangular mesh :

@ The Godunov scheme (k = 1) is accurate at low Mach.

Cartesian mesh :
@ The Godunov scheme (k = 1)
e is not accurate at low Mach number if M < min(Ax, Ay).
e is accurate at low Mach number if M > min(Ax, Ay).

@ Two corrections for low Mach flows :

1-k)a 0
FCor VV, W) = FGod VV, W) — ( *
( ) J) ( ) J) oM [(U,_Uj)nu] nij

o k=0 (low Mach correction) : accurate at low Mach,
o £ =min(M,1) (all Mach correction) : accurate at low Mach
and allows to obtain the Godunov scheme for M > 1.
Next step :
@ Add the transport part in the linear wave equation and study the

stability of the two corrected schemes.
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Some linear stability results

@ A linearization of the dimensionless barotropic Euler equation
around (r = 0,u = u,) gives us :
Ocr +u, - Vr+ 3V -u=0,
Oru+ (uy - V)u+ 35Vr =0.

® We define the energy as E, = >, || [r? + |ui]?] .

Under the subsonic condition |u,| < %, we have :
o if k =1 (Godunov scheme) : EE” § 0.

o ifr= %M (all Mach scheme) : %E, < 0.
o if k =0 (low Mach scheme) :

*Eh<Z|U* ng| |(u; — ;) - ng?
W
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Extension to the non-linear Euler equations

Euler equations :
Oep+ V- (pu) =0,
e(pu) + V- (pu@u) + Vp =0,
Oe(pE) + V- ((pE + p)u) =0
Note W = (p, pu, pE)T. The numerical scheme can be written as
d Ier;'Q‘r”‘F Wj,n;) = 0.

The low Mach and the all Mach corrections consist to replace the flux
F(W;, Wj,nj;) with

0
1 — Kij)pijCij
FC‘”(W,-, VVJ) _ FGOd”"OV(VV;, VVJ) _ % [(u; — Uj) ) nij] njj
0
|

where respectively x;; = 0 or xj; = min (1, -2
i
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Accurate schemes at low Mach number

Definition and results
Some linear stability results
Extension to the non-linear case

1D compressible flow : Sod shock tube

Density (t = 0.2s) :

Sodunoy ——
AM-Godunov
Exact

01 02 03 04 05 06 07 08 09 1

Convergence study (t = 0.2s)

0.125

0.0625

0.03125
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

2D low Mach flow : vortex in a box

Tools :

@ Mesh : the software Salome,

@ Code : Librairy C+4+ CDMATH (http://www.cdmath.jimdo.com).
Initial condition :

@ The initial state is given on the domain [0, 1] x [0, 1] by

p=1,
u=Vx1y where oY(x,y)= %sinz(ﬂ'x) sin?(my),
p = 1000.

@ Wall boundary conditions.
@ Final time of computation of tf,, = 0.125s.

@ Mach ~ 0.026.
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Definition and results
Some linear stability results
Extension to the non-linear case

Accurate schemes at low Mach number

2D low Mach flow : vortex in a box
Initial condition and Godunov (kj; = 1) on a 50 x 50 cartesian grid :
e u
Il
0.8
06
0.4

0.2
o

[l
E;o.s

06
04

02
o
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Definition and results
Some linear stability results
Extension to the non-linear case

Accurate schemes at low Mach number

2D low Mach flow : vortex in a box

Initial condition and Godunov with kj; =1 on a triangular mesh :
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

2D compressible flow : 2D Riemann problem

@ The initial state is given on the domain [0, 1] x [0, 1] by

0.1380,1.206,1.206), forx < 0.5, y < 0.5
0.5323,0.000.1.206), forx > 0.5, y <05

0.5323,1.206,0.000), for x < 0.5, y > 0.5
1.5000,0.000,0.000), for x > 0.5, y > 0.5.

(pv Ux, Uy)(X>Y) =

—~ ~~ —~

(4 shock wave interaction).
@ Neumann boundary conditions.
@ Final time of computation : tf,, = 0.4s.

@ 0 < Mach < 3.14.
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

2D compressible flow : 2D Riemann problem

Reference solution (Gudunov (k;; = 1) on a 600 x 600 cartesian grid) :

5e—07—t

(1, %) (AM) on a 200 x 200 cartesian grid :
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

2D compressible flow : 2D Riemann problem

Reference solution (Gudunov (k;; = 1) on a 600 x 600 cartesian grid) :

5e—07—t

(1, %) (AM) on a 4 000 triangular mesh :
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case

Steady flow around a cylinder

@ An advantage of CDMATH is that the code can be run on very
complex geometry build with Salome.
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Accurate schemes at low Mach number Extension to the non-linear case

Flow around a cylinder

@ An advantage of CDMATH is that the code can be run on very
complex geometry build with Salome.
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Definition and results
Some linear stability results
Accurate schemes at low Mach number Extension to the non-linear case

Final conclusion and perspective

Conclusion :

@ We constat the accuracy at low Mach number of finite volume
schemes on triangular meshes in the linear and non-linear cases.

@ We constat the inaccuracy at low Mach number of the finite volume
schemes on cartesian meshes in the linear and non-linear cases.

@ The study of the linear case allows to propose a correction that
gives an accurate scheme at low Mach number and gives the
Godunov scheme when M > 1 on cartesian meshes.

Perpectives :
@ Study the influence of the time discretization in the linear case.

@ Extend the study to the barotropic Euler equation with porosity.
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case

Thank you for your attention !
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Definition and results
Some linear stability results

Accurate schemes at low Mach number Extension to the non-linear case

[@ S. Dellacherie, P. Omnes. On the Godunov scheme applied to the
variable cross-section linear equation. FVCAG, (4) :313-321, 2011.
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