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No documents - You can use a calculator

Please report clear and detailed answers explicitly, as well as all the formulas
you use and all the theorems you invoke.

Problem 1 :
1) Yes, the security ¢ = 0 is a numeraire because

Vi[L4], S”(w;) =1.05 > 1.
The risk-free rate r is
(1+7)x1=1.05=r=0.05=>5%.

2) The security
X = (11.05,13.05, 15.05, 15.05)

is attainable if there exists 6 = (6, 01, 03) € R? such that
X =05 56" =Xx"

where
1.05 1.05 1.05 1.05

S = 1 2 5 3
1 4 2 4

We need to solve

1.05 4 1 ; 11.05
1.05 2 4 90 | 1305
1.05 5 2 91 | 15.05
1.05 3 4 2 15.05

which we can write as

1.05 4 1]11.05
1.05 2 4[13.05 Ly< Ly— Ly
1.05 5 21505 Ly Ls— I,
1.05 3 41505 Ly« Ly— I,




1.05 4 1/|11.05
0 -2 3] 2
~
0 1 1 4 L3 < 2L3—|—L2
0 -1 3| 4 Ly< 2Ly — Lo
1.05 4 1]11.05
o 0 -2 3] 2
1.05 4 1/|11.05
0 -2 3 2 L2 < L2 — 3L3
0 0 1 2
0 0 1 2
1.05 4 1]11.05
o 0 -2 0| —4 Loy + LQ/(_Q)
0 0 1 2
0 0 1 2
1.05 4 1|11.05 L1 — L1 — 4L2 — Lg
o 0O 1 0] 2
0 01 2
0 01 2
1.05 0 0]1.05 L« Ly/1.05
o 0O 10| 2
0O 0 1] 2
0O 01| 2
1 001
o 0102
00 1|2
00 1|2

We get the following equivalent portfolio

(907 917 '92) — (17 27 2)

and then, the security X is attainable.

3) @ = (q1,42,G3,qq) is a risk-neutral probability distribution if
*Vjé[[l,él]], Qj>0,
—ateteata=1,



— deflated security prices are martingales. That is,

S(i) S(i) 1 .
vi € [0,2] : %EQ< L EQ(S§))

1+7r 1+7r

1+4+7r

1 < -
= > 45 (wy)
j=1

that is equivalent to

q1 q1
1
Sy = ;| 2 les | ?|=108,
14+7r qs q3
44 q4

We want solve

1.05 1.05 1.05 1.05| 1.05 L+ Ly/1.05
4 2 5) 3 ]1.05x3
1 4 2 4 11.05 %3

1111} 1
4 2 5 31315 Lo+ Ly — 41,4
1 4 2 4315 Ly« L3 — L,
1 1 1 1 1
&S0 -2 1 —1]-085 Lo+ Lo+ Ly
0 3 1 3| 215
1111} 1
<012 213
03 1 3|2.15 L3 — Lg — 3Ly
11 1 1 1
<01 20 2 1.3
00 -5 —3|-1.75 Ly« Ly/(—5)
111 1 1
<01 2 2 1.3 Lo < Lo — 213
001 3/5/0.35
111 1 1 L+ L1 — Ly— L3
<010 4/5) 0.6
001 3/5[0.35
1 00 —2/5/005 Ly< Ly—Ly— Ls
=010 4/5 | 0.6
001 3/5035



Then, for all g4 € R,

005+2 0.6 1 0.35 5
. 5q47 . 5q47 . 5Q47Q4

is solution of

0
1 q2
Sy = S
0 147 ! qs3
44
Since, we want ¢; > 0, g2 > 0, g3 > 0 and ¢4 > 0, we need
(0.05+ 2, > 0 (g > =200 — 0125
<0.6—§q4>0 <q4<%:0.75
0.35 — 2g4 > 0 g1 < 235 ~ 0.583
| d > 0 | @ > 0

Then, for all g4 € ]0.125,0.583],

2 4 3
0.05 4+ =q4,0.6 — =g4,0.35 — =
( + 5Q47 5q47 5Q47Q4>

is a risk-neutral probability distribution. For example, with ¢4 = 0.2, we
obtain that
Q = (0.13,0.44,0.23,0.20)

is a risk-neutral probability distribution.

4) Since there exists a risk-neutral probability distribution, the fundamental
theorem of asset pricing (part 1) gives us that there is no possible arbitrage.
Then, there is no arbitrage of type A and then, by a proposition of the course,
the linear pricing hypothesis is satisfied.

5) By the fundamental theorem of asset pricing, we know that there exists
a vector of states prices. Moreover, since the linear pricing hypothesis is
satisfied, m = (7, Mo, w3, 74) is & vector of state prices if

4
(7T17 T2, T3, 7T4) > 07
Uy
\ U
S1 = 5.
3
T4

\

We saw in question 3) that a risk-neutral probability distribution if and only



if

q1 a1
1
S() = S 2 with E& > 0.
1+ q3 q3
q4 q4

Then, we obtain

7 = (71, ma, T3, M4) 18 & vector of state prices

o T . 1 79 3 T4
1+r \1+1'14+714+7"14+7r

) is a risk-neutral probability

distribution.

Then, for all g4 € ]0.125,0.583],

2 4 3
(1+7) x <0.05 + gQ4, 0.6 — 5Q4, 0.35 — gq4, q4>

is a a vector of state prices. For example, with ¢4 = 0.2, we obtain that
m = (0.1365, 0.4620, 0.2415,0.2100)

is a vector of state prices.

6) Since linear pricing hypothesis holds, the fair price at time ¢ = 0 associated
to portfolio 6 = (1,2,2) is

1
P=0Sy=(1,22) | 3
3

=14+2x3+2x3=1+6+6=13.

Then, it is the fair price.

Problem 2 :
1) The cumulative function is defined by

F(x) :/_I f(t)dt

where f is the density function. If we have a random generator (y;)i1<i<n-
We can estimate the cumulative function associate to (y;)1<;<ny with

#{i:y <z}
N :

FN($) =

2) We obtain



L I I I I I
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

3) The density function for a uniform law is

f(x)_{1 ifo<z<l,

0 elsewhere.

Then, the cumulative function for a uniform law is

. [*._0dt if 2 <0,
F(z) = / fydt =< [°_odt+ [ 1dt ifo<z<l,
- ff)oo Odt + fol 1dt + [; 0dt elsewhere.
0 ifx <0,
=4q 7z it0<2 <1,
1 elsewhere.

4) This is not a uniform distribution since the cumulative function is far from
the line of equation y = .

Problem 3 :

1) We have yy = 107, a = 327, ¢ = 1, m = 1000 and linear congruencies
sequence is defined by

Ynil1 = @ X Y, +¢ mod m.
Then, we obtain

y1=axXy,+c mod m
=327 x 107+ 1 mod 1000 = 34990 mod 1000
= 990.



Similarly, we obtain

Yo =327 x 990 + 1 mod 1000
= 323731 mod 1000 = 731

ys =327 x 731+ 1 mod 1000
= 239038 mod 1000 = 38

ys =327 x 3841 mod 1000
= 12427 mod 1000 = 427.

2) We just have to divide by m = 1000, we obtain
20 =0.107, 2z =099, 2 —=0.731, 23=0.038, 2z =0.427.

3) f is a density function because f is positive and

31/3

+o00 3L/3 3
1 51
dr — 20y = |2 :—(31/3) 31

4) The cumulative function F' of the random variable X is

N [E._0dt if v <0,
F(z) = f(t)dt = fi)oo Odt + [, t*dt if 0 << 313,
- fi)oo 0dt + f031/3 t2dt + [4,50dt elsewhere
(Osm it <0, 0 if <0,
= 9 ng, H0<z <3 02 jpo<cacyn
\ [%3] . elsewhere 1 elsewhere.

5) We know that if Z is a uniform random variable on [0, 1], the random variable
X = F71(Z) has density f. Then,

Fl(z), Fz), F ()

are three realizations of random variable X. We just have to prove that F
is bijective and to compute F~!. With the question 4), we obtain that F' is
a bijective function from [0,3'3] to [0,1]. We need to compute F~!(y) for
some y € [0, 1], we have
23
y:F(az)@y:§®x3:3y¢>x:(3y)

s r=3y)"=Fy).

1/3

Then,
(32))Y3 = 1.44,  (329)Y3 =1.299, (323)"/% = 0.485
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are three realizations of random variable X.
6) We have

function z= my generator(a,c,m,y0, k)
y=congruencial (a,c,m,y0,k);
for i=1:1:k
2(1)=(34y(1))" (1/3)
end
end

7) We know that if Z; and Z are two uniform random variables on [0, 1], the

random variable
o/ =2 In(Zy) cos(2m Z3) + p,

is a normal random variable with mean g and standard deviation o. In our
case, we want a standard normal distribution, then we use 4 =0 and o =1
in the Box and Miller formula. Then,

—2 In(21) cos(2 m z5) = —0.0169,
—2 In(z3) cos(2 w z4) = —2.2931

are two realizations of a standard normal random variable.

Problem 4 :
We assume that the following data are values of the price of an security at time
T = 100 obtained by performing a Monte-Carlo simulations :

125, 135, 95, 100.

Assume that this security follows a binomial model with T" = 100.
1) The four simulations give us the following payoffs :

15, 25, 0, 0.

The average of these four values is
154254040 40

0 10.
4 1 1 0
The value of the call obtained with the Monte-Carlo method is
0 1
C = 4 Y ~ 1.38.

(147100 ~ (14 0.02)100

2) To give a confidence interval, we firstly need to compute the standard devia-



tion s of the four previous value, we have

¢ — \/(15 —10)2+ (25 — 10)2 + (0 — 10)2 + (0 — 10)2
E 4

52+ 152 + 102 + 10°
:\/ + Z Y 1060,

Since the confidence level is 95%, we have Z = 1.96 and the confidence
interval is [[, u] with

s 10.60
=0, — Z—— =10 — 1.96 x ——
VD V4

S 10.60
w=0,+ 77— =10 + 1.96 x
NV V4

~ —0.39

~ 20.39,

because

s/\/n —
s S
SP(0,—Zx —=<0<0,+Zx—|=0.95
( VIR ﬁ)
and it is assumed with the Central Limit Theorem that
normal distribution.

We assume that the value obtained in Question 1) are used as the first step of a

two phases methods for performing a confidence interval.
3) We have

P (—Z < < Z) = 95% = 0.95

97\_/% 1s a standard

S

9n - 9
( S m S ) 95% = 0.95

5 s
—<6,-0<Zx—]=0.
N < Xﬁ) 0.95

S
P(16,—6<Zx—=)=0095.
& (\ | < x\/ﬁ> 0.95

=P (—Z X

Then, the absolute error |6, — 0] is less than € = 3 if

s s2x 72 10.60% x 1.962
L X —<e&sn> ~

= 47.96.
Nz 2 3

Then, to obtained an absolute error of at most 3 with a confidence level of
95%, we need at least
n =48

simulations.



4) We have

P(—Zg S”/\_/g §Z> =95% = 0.95
@P(—Zx%ﬁ@n—egZx%>:O.95
@P(\QH—Q\SZX% —0.95
@P( 9”0_9‘ < é?;) — 0.95.

Then, the relative error ‘9”0%6’ is less than € = 3% = 0.03 if

7 X s ceen > s2x 72 10.60% x 1.962
€ n ~
CANZ S 07 x ¢ 102 x 0.032

= 4796.02.

Then, to obtained an relative error of at most 3% = 0.03 with a confidence
level of 95%, we need at least

n = 4797

simulations.
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