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Introduction . . . ) .
Linear wave equations with porosity

Properties

Study case : Properties of the flow :

@ Nuclear reactor core. o Flow with variable cross
section (porosity).

Enceinte de confinement

@ Liquid-gas flow.

@ Compressible flow.

Turbine

@ Low Mach number

controle

lu| < ¢

@M::M<<l.
c

Aim :

@ Develop a "compressible" numerical scheme that is accurate at
low Mach number.
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Introduction

Numerical problems : an initial stationary condition

@ Initial condition : @ After 1000 iterations :

Aims :
@ Understand the influence of the cell geometry.

@ Propose a correction on cartesian meshes.
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Linear wave equations with porosity
Properties

Linear wave equations with porosity (or void fraction)

@ Dimensionless barotropic Euler equations with porosity (or void

fraction)
dilap) + V - (apu) =0,

Or(apu) + V - (apu @ u) + 12 Vp = 0,

where a € [oin, 1] is the porosity, where oy, > 0 is a constant
that does not depend on M.

=1/ (p+)
< 1.

: M [l

@ Change of variable p := p, (1 + a—r) , with 5 <
* Ly

A x

Linearization around (p, = ¢st,u, =0) :

O(ar) + 5V - (au) = 0,
Oi(au) + §5aVr = 0.

@ Kernel of the spatial operator : incompressible space

Ey = {q = (r,u)T € L2(T)*|Vr =0 and V - (au) = o}.
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Linear wave equations with porosity

Properties

Theorem

We can build a Hodge decomposition on the weighted spaces
504 D ‘c;al = Li (T)3 )

where the acoustic space £+ is defined by

&L= {q: (r,w)T e L2 (T)3 ’/rozdx =0 and 3¢ € H: (T),u = V(f)},
T

| A

Proposition
If q is solution of the linear wave equation with porosity (or void
fraction) with an initial condition ¢°, we have

oV €&y, q(t>0) €&y
eV c &L, qt>0) et

Jonathan Jung A low Mach correction for the Godunov scheme



Godunov scheme and meshes

Godunov scheme

(ar)i+ sirma7 > Ti5] (eu- n)ij =0,
T COQy
it 2 Tijlryme; =0,

I, CO0;

Sl
)
£
_|_
[\v]
=

where (rij, (ou-n), ) is the solution of the 1D Riemann problem! in
the n;; direction

@ijOre + G50 ((qu)e) =
13

0
O ((au)e) + G5aijOere =0,
(ri, (au), -n,;) if £ <0,

(rﬁ’ (O‘u)é) (t=0,8) = { (rj, (au); -nij) otherwise.

1. S. Dellacherie, P. Omnes, On the Godunov scheme applied to the va-
riable cross-section linear equation. FVCAG, (4) :313-321, 2011.
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Num ical scheme
Godunov scheme and meshes e an mesh
T ilar mesh

Numerical scheme

@ Godunov scheme on a triangular or a cartesian mesh (€2;)1<i<n

[DO11]

i(ar>,+&i ) |p.,|[((au).+(au),).n.,+au(7a4_r,)} =0
dt 1 2M |Q,L‘ 1—\1]C8Q1 1] (2 J () 1] K3 J )

d ay o K

N i F’L P 5 ; 3 1]
F O 7Ty, D Dol 73+ () = (aw),) -y |y = 0

with x = 1.
@ We write it under the form

d L,
gl + 57

“(qn) =0,

where g, = (r;,u;)T.
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Num ical scheme
an mesh

Godunov scheme and meshes
ilar mesh

Tools and initial condition

Tools :
@ Mesh : Software SALOME.
@ Code : Library C++ CDMATH (in developing in CEA).

Initial condition :

e For all (x,y) € [0,
if ( 11
oaxy{ if (z,y) EC(Q,Q), ’
1 otherwise,
,y) =1,
o( ): x b where 1(z,y) = 2 (sin®(7z) sin®*(2my) — 1).
We have
vrY =0
" 0 = ¢" = (1", 07T € &,.
V-(au?)=V-(Vxy)=0

A low Mach correction for the Godunov scheme
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Godunov scheme and meshes Cartesian mesh

Cartesian mesh with x =1 :

@ Initial condition : @ After 1000 iterations :

Proposition (k =1 on O)
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Godunov scheme and meshes Cartesian mesh

Cartesian mesh with x =0 :

@ Initial condition : @ After 1000 iterations :

U
YSQE

Proposition (k =0 on O)
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Godunov scheme and meshes
Triangular mesh

Triangular mesh with k =1 :

@ Initial condition : @ After 1000 iterations :

U
7.03—E

Proposition (k =1 on A)
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Definition
Results

Godunov scheme and well-prepared states Conclusion

Intermediate conclusion : The Godunov scheme

@ preserves the incompressible states g, € £»% on triangular
meshes,

@ needs a correction (k = 0) to preserve the incompressibles states
qn € EQ’D on cartesian meshes.

Godunov scheme and well-prepared states :

Definition

A state ¢° is said well-prepared if
lg° = Pag’|lz = O(M),

where P, is the orthogonal projection on &,.

We want to find a correction (k =7) on cartesian meshes satisfying
lg” = Pag’llzz = O(M) =Vt <2, [lq(t) — Pag’[|zz = O(M)

and that allows to recover the Godunov scheme when the Mach
number goes to 1.

Jung A low Mach correction for the Godunov scheme



Definition
Result

Godunov scheme and well-prepared states Conclusion

Initial condition :
@ a, =1.
o M =10"%
o ¢° = ¢ +Mg) with

m(z,y) =1,

(aup)? =V x 9, = a7 € &
and
r9(z,y) =0,
wW=Ve, =>ge&
ladllzz =1,
then

1¢° = Paq®llz2 = [IM@3|lr2 = M = O(M).

o We will plot || — Paq®||12 (t) as a function of the time.
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Result

Godunov scheme and well-prepared states Conclusion

Cartesian mesh with Az = Ay =0.02, M =10~* :
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t/M

Théoréme (k =1 on 0J)

VCi > 0, 3C2(C1) > 0, 3C3(C1) > 0, [|¢° — P22 = C1M
=Vt > CoM, |lg — P2P¢%| 12 (t) > Cs min(Az, Ay),

for all M < g—i’ min(Az, Ay).
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Godunov scheme and well-prepared states

Cartesian mesh with Az = Ay =0.02, M =10~*
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Definition
Results
Conclusion

k=MonD —e-
w=0on0 =)
K=1lonA A

t/M

VC1,Cs > 0, 3C3(C1,Cs) > 0, [|¢° — PR 12 = C1 M
=Vt € [0;CaM], |lg — PAO¢°| 2 () < Cs M,

where C3 does not depend on M.
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Definition
Results

Godunov scheme and well-prepared states Conclusion

Cartesian mesh with Az = Ay =0.02, M =10~* :
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Théoréme (k=1 on A and x =0 on 0J)

VC1,Cs > 0, 3C3(C1,C2) > 0, [|¢° — PE4 o7 B0 2 = C1M
= Vit Z Oa ”q - ]P)Z’A or DqO”Li(t) S C3Ma

where C3 does not depend on M.
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Definition
Results
Godunov scheme and well-prepared states Conclusion

Conclusions et perspectives

Conclusions :
@ We explain the influence of cell geometry at low Mach :
o good behavior of the Godunov scheme (x = 1) on
triangular meshes (ker ]LZ’:ALQ =EhA).
o bad behavior of the Godunov scheme (x = 1) on cartesian

meshes (keth‘D cgrby.

k=1, =
@ We propose two corrections at low Mach number on cartesian
meshes :
e k= 0: good correction but it is not continuous against the
Mach number.
e x = M : good correction continuous against the Mach
number.

Perspectives :
@ Test the method in the non-linear case.

@ Prove similar properties for the non-linear case.

Jung A low Mach correction for the Godunov scheme



Godunov scheme and well-prepared states Conclusion

Thank you for your attention !
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Definition
Results

Godunov scheme and well-prepared states Conclusion

[3 S. Dellacherie, P. Omnes. On the Godunov scheme applied to the
variable cross-section linear equation. FVCAG, (4) :313-321, 2011.
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